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A recursive algorithm for sampling properties of physical clusters such as size distribution and 
percolation is presented. The approach can be applied to any system with periodic boundary 
conditions, given a spatial definition of a cluster. We also introduce some modifications in the 
algorithm that increases the efficiency considerably if one is only interested in percolation 
analysis. The algorithm is implemented in Fortran 90 and is compared with a number of 
iterative algorithms. The recursive cluster identification algorithm is somewhat slower than the 
iterative methods at low volume fraction but is at  least as fast at high densities. The percolation 
analysis, however, is considerably faster using recursion, for all systems studied. We also note 
that the CPU time using recursion is independent on the static allocation of arrays, whereas the 
iterative method strongly depends on the size of the initially allocated arrays. 

Keywords: Cluster analysis; percolation; recursion; Fortran 90; algorithm 

1. INTRODUCTION 

Computer simulation has proved to be a valuable tool for determining the 
structure and dynamics of macromolecular systems [l -41. For polymer 
solutions or colloidal dispersions with attractive intermolecular interactions, 
clusters can form which can be complex topological objects. At a certain 
concentration, one can also observe percolation, i.e., the formation of infi- 
nite aggregates [5 ] .  The precise structure of these objects and the detail- 
ed information obtained by computational methods represent an “exact” 

*Corresponding author. 

169 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
0
1
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



170 T. EDVINSSON et al. 

solution for a given physical model, which then can be compared with experi- 
ment or theory. 

Fast cluster counting algorithms have been developed for lattice systems 
[6] as well as for either lattice or off-lattice systems [7-91. Hochen- 
Kopelman (HK) [6] is possibly the most widely used for lattice systems by 
virtue of its low memory demand and high speed. To determine if a system 
percolates in a continuum with periodic boundary conditions, however, 
requires extra information about the system in addition to the cluster sta- 
tistics. The main objective of this paper is to obtain. an effective and compact 
percolation algorithm, extracting information about the periodic bound- 
aries that are crossed when traversing the system recursively. We will thus 
focus on the recursive nature of the problem, obtaining an easy way of 
organizing the boundary information and also use it to define a condition 
for percolation. The algorithm has similarities with the HK-procedure in the 
way the cluster information is stored but the information is sampled in a 
different way. In the present approach we sample the statistics clusterwise in 
a continuum in contrast to HK which goes through the system spacewise in 
a lattice. The algorithm generates extra information about the boundaries 
that are crossed by checking in what direction the boundary conditions are 
applied. This together with the algorithmic definition of percolation and the 
recursive implementation will be in focus throughout this paper. The effici- 
ency of our approach is compared with the algorithm of Heyes et al. [lo] 
which also utilizes extra boundary information but in an iterative way. 

The basic structure in the analysis is the cluster which is here defined as 
a set of objects within a threshold distance from at least one other member 
of the set. As one can see from this definition, the concept of a cluster is 
inherently recursive. The notion of a cluster threshold distance, hereafter 
called cluster distance, is of course related to the concept of “contactness” 
which lies in the hands of the analyser who can arbitrarily choose the cluster 
distance criteria [ll]. The distance, which is fixed and given, should be 
chosen by considering which physical observables are of interest in the 
analysis and the general concept of a cluster makes this analysis useful for 
many diverse physical systems. Percolation transitions, for instance, arise 
in a large variety of physical systems, such as in the swelling of a gel and 
gelation [12], glass transitions [13], the burning of concrete [14], conductor- 
insulator transitions in liquid metals [ 151, network formation in microemul- 
sions [16- 181, and in porous materials [19] as well as for water (hydrogen 
bonding) [20]. For these systems, the formation of clusters or other struc- 
tures, and a possible percolation transition has a large influence on the prop- 
erties of the material. When comparing experimental data with theoretical 
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or simulation results one must remember, however, that the interpretation 
is a consequence of how the criterion for a cluster and therefore also per- 
colation is defined. If one is interested in galaxy clusters one chooses a 
distance on the cosmological scale, for the transport of excitations between 
particles one can choose the characteristic hopping distance, and if one is 
interested in density dependent observables one can choose the distance from 
beyond the first peak of the pair radial distribution function. In the present 
paper we will use the flocculation of a colloidal dispersion as an example. For 
such a system at a certain critical concentration, there is a sharp change in 
many macroscopic properties such as viscosity, shear modulus, and electric 
conductivity [21]. This is due to percolation, i.e., the formation of a cluster or 
network spanning through the system. 

Considerable progress has been achieved in understanding the universal 
factors affecting the macroscopic structure and the rheology of particulate 
systems, while much of percolation theory has focused on the critical be- 
haviour in the vicinity of the percolation transition, using lattice models [5]. 
This approach is tractable when studying the universal critical behaviour 
and in systems where the fluid nature of the system can be approximated 
with a lattice. Another approach is to study the percolation geometry in 
close relation to material problems where the percolation transition is stud- 
ied as a function of the material microstructure. In this context, the mere 
existence of a percolation threshold is what tends to dominate the material 
properties. In the present paper we will focus on the latter approach and 
develop an algorithm that will be useful when investigating how the prop- 
erties of the individual particles determine the percolation behaviour. 

We will explain the principles of the algorithm explicitly using pseudo 
code to close the gap between algorithm formulation and application, and 
for the same reasons we have also included an appendix with the core of the 
algorithm implemented in Fortran 90. 

In Section 2 we describe a recursive algorithm for finding clusters given a 
spatial distribution of spherical particles. This is to outline the basic ideas of 
cluster counting in the present approach and will hopefully illuminate the 
extra information needed for a percolation analysis which is outlined in 
Section 3.  I .  There we will discuss the information needed in a cluster count- 
ing algorithm to include a percolation condition and further suggest an easy 
way of organizing this information. We will also briefly comment on a se- 
cond alternative for percolation analysis in Section 3.2 based on a graph theo- 
retical approach. In Section 4 some results are presented when analysing 
Monte Carlo generated clusters, and these results are discussed and compar- 
ed with some iterative procedures. The paper ends with some conclusions. 
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2. CLUSTER IDENTIFICATION 

The enourmous increase in computational speed using modern workstations 
has somewhat shifted the problem generating effective code to the problem 
of making a compact, transparent, and thus easily maintainable program. 
Fortran is still the most widely used programming language in scientific 
computing but the algorithms in use are often based on older Fortran 
versions, most of them not utilizing the new features in Fortran 90. In this 
paper we will show how to use one of these new features, namely recursion, 
which is possible due to the possibility of dynamic memory allocation. This 
will result in a more transparent code and, as we will see below, a recursive 
algorithm for determining percolation can also result in a more efficient 
code than using iteration. 

The basic problem of cluster identification can, for small systems, be solv- 
ed by Warshall’s algorithm which involves a triple loop where an element of 
a logical matrix, ( i , j ) ,  is true if objects i a n d j  are connected. This approach 
is often used in graph theory applications [22]. In principle, the algorithm 
collects the pair-connectivity with two inner loops and then “fuses” the pair 
connections into the full connection matrix, containing also the indirect 
connections, by an outer loop. The computational cost for N particles using 
this algorithm is O(N3) and it will in most cases of interest be too slow even 
if one uses the inherent symmetry. One can also fuse the pair connectivity in 
more effective ways and speed up the fusion by applying bit-wise logical 
operations as suggested by Sevick et al. [23]. Bit-wise logical operations 
can also be used in other algorithms and will not be discussed in this paper. 

There are two general ideas for a cluster identification algorithm. One is 
to find an effective way to handle the time consuming fusing of the pair- 
connectivity and there exists a number of iterative algorithms solving this 
problem [7-91. One cannot, however, escape the O(N2)  part of a cluster 
analysing algorithm representing the pair-connectivity information when 
separating the cluster counting problem into a pair-connectivity part and 
one part that fuses this information. The second approach is to sample the 
pair-connectivity and the indirect connectivity together, without separating 
the tasks. Hoshen and Kopelman use the latter approach and additionally 
reduce the O(N2) dependence to O(N l o g ( N ) )  by analysing all particles 
according to their positions in a lattice. This is a way of using the extra 
information already available by the implicit order one has in a lattice. 
When trying to obtain an alternative algorithm being useful for large OR- 
lattice systems, one need not necessarily begin by sample the information 
about the pair-connectivity or utilize the regularity in possible positions as 
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in the case of a lattice. In contrast to the algorithms mentioned above, one 
can instead follow the connections of a cluster recursively and thus sample 
the direct and indirect connectivity using the inherent recursive nature of the 
problem of finding all connected particles. The full advantage of a recursive 
algorithm can be utilized when the system of concern branches into multiple 
paths which must all be followed. In recursive routines, the compiler takes 
care of the stack (e.g., the list of sequencial branches) and the code can be 
made more compact and transparent. Tra-versing such a system using itera- 
tion on the other hand, requires that you build your own stacks in memory 
with e.g. ,  arrays. Moreover, for systems with an unpredictable and large 
number of branches, a modern compiler takes care of the stack quite effi- 
ciently when using recursion as will be seen in Section 4. 

The crucial point when developing a recursive algorithm is to identify a 
part of the set of instructions that is general enough to be called by another 
part of the algorithm and also by itself. In the description below, the general 
part consists of Steps 4-7, which is where one recursively follows all con- 
nections of a unit, sampling all particles belonging to a cluster. The recursive 
part also keeps track of the particles included in a cluster by associating a 
logical flag with each particle. Step 2 in the main construct (Steps 1-3) then 
assures that no analysis is performed if the particle is included in an already 
detected cluster. 

1. Loop over all particles (i). 
2. If particle ‘i’ is already included in a cluster, cycle the loop (goto 1). 
3. Set the present particle (‘unit’) to the loop variable, ‘ 2 ,  and a ‘new-cluster’ 

flag to false. 
4. Loop over all the particles ( j )  except the active particle. Note that when 

returning from a recursive call at 7d below, the loop over the particles is 
continued at the current level in the recursion hierarchy. 

5. If the particle ‘j’ is already included in a cluster, i.e., if an aggregation flag 
has been set to true in 7a or 7b, cycle the loop (goto 4). 

6 .  Calculate the distance between the present particle ‘unit’ and ‘j’ (using 
periodic boundary conditions). 

7. If the distance is smaller than the defined cluster distance then: 

(a) If the ‘new-cluster’ flag is false, we have found a new cluster. Set the 
‘new-cluster’ flag to true. The number of clusters is updated and the 
present particle ‘unit’ is added as the first particle in the new cluster 
and an aggregation flag is set to true for particle ‘unit’. 

(b) Add particle ‘j’ to the list of particles that are included in the present 
cluster and set the aggregation flag to true for particle ‘j’. 
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174 T. EDVINSSON et al. 

(c) Set ‘unit = J ’ .  

(d) Continue at 4. This is the recursive call. Now ‘j’ will be checked with 
all other particles that are not previously included in a cluster 
according to 5 .  They in turn will also be investigated if they are 
connected to 7’. 

The final result is collected in two vectors in a standard pointer list 
manner where the number of non-zero elements (minus one) in the first 
array gives the number of clusters and points to the second array which 
consecutively contains the members of each cluster. 

3. PERCOLATION ANALYSIS 

When using computer simulations to calculate properties of macroscopic 
systems, one normally uses periodic boundary conditions to reduce finite size 
effects [3,4,9]. This means, however, that the problem of finding an infinite 
network becomes nontrivial. To visualize the concept of periodic boundary 
conditions we use the notion periodic domain which is the simulation box 
seen in an environment of identical boxes. The simplistic view for identifying 
a percolating cluster, which would work with fixed borders without periodi- 
city, is to look for any aggregate that would connect two opposing sides 
in the x, y ,  or z-direction. As can be seen in Figure 1, this is not, however, 
a sufficient condition for percolation using periodic boundary conditions. 

FIGURE 1 Schematic picture showing that a spanning cluster is not a sufficient condition for 
percolation in a system with periodic boundary conditions, even if the cluster spans over peri- 
odic boundaries. 
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One way of finding percolating clusters using periodic boundary conditions 
in off-lattice simulations has been described by Heyes et al., using iteration 
[ 101. Using recursion instead, though, one can construct an algorithm which 
is somewhat less cumbersome and even more efficient, especially in the 
density ranges where one expects percolation. 

When looking for percolation in systems with periodic boundary con- 
ditions, one must find a cluster which has the property of biting its own tail. 
Such a combination of particles will hereafter be called a closed path. A 
closed path is a necessary but not sufficient condition for an infinite cluster 
in a periodic environment. The extra condition needed is that the cluster is 
only infinite if the closed path includes both the original particle and the 
particle as a periodic image. In Section 3.2 we formulate this condition using 
a graph theoretical vocabulary. 

To find an infinite cluster, one must then keep track of which borders 
are crossed and in what direction, in order to know if the cluster returns to 
the same particle as it started from or to one of its periodic mirror images. 
This difference is illustrated in Figures 2a and 2b, where a percolating and 
a non-percolating cluster are shown, the latter forming a closed path but 
returning to the same particle in the periodic domain. In the next section we 
will first extend the cluster analysing algorithm presented above and define 
a percolation condition by introducing a box identity. We will also men- 
tion another possible approach in Section 3.2 which analyses the different 
closed paths. A percolation condition for this latter case is then defined by 
comparing the vectorial distances travelled following the different paths 
with the box size. 

FIGURE 2a Picture showing a percolating cluster in which a particle is connected to its 
mirror image in the periodic domain. 
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176 T. EDVINSSON et al. 

FIGURE 2b Picture showing a non-percolating cluster in which a particle is connected to 
itself in the same box in the periodic domain. 

3.1. Extended Cluster Algorithm 

One can extend the recursive cluster search algorithm in the previous section 
to also include percolation analysis with some minor but important modifi- 
cations. First, one has to make the general part (4-7 above) even more 
general in the following way: Taking away Condition 5 and realizing that 
all other clusters are closed sets, the calling part (1 -3) will not call the recur- 
sive part if a particle is already included in a previously detected cluster. 
By removing this condition one gets into the problem of infinite recursion, 
i.e., a circle is also infinite at this stage. One has to extract some extra infor- 
mation to be able to determine if the closed path returns to the original particle 
or to one of its periodic images. We thus define a box identity which holds 
information on where we are going in the periodic domain (see Fig. 3). The 
integer array ‘boxjd’ contains three elements which are the x, y ,  and z 
indices of the present box with the starting box as the origin. Furthermore, 
if the particle is included in a cluster, we store the present box identity. 
This is then utilized when defining a percolation condition. Keeping track 
of which borders are crossed one can neglect all non-percolating closed paths 
by realizing that such a path cannot be connected to itself in a periodic box. 
The stopping condition in the recursive part of the algorithm can now be 
stated: If the present particle is already part of the cluster and the box 
identity is not the same as the previously stored box identity then we have 
an infinite cluster, i.e., percolation. 

If the recursive routine calls itself with a particle which already has been 
included in a cluster, it will affect the definition of our box identity origin. 
This is handled by setting the box identity to the stored box identity where 
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box id = (O,O,O) box id = (-l,O,O) box id = (-1,-1,O) 

FIGURE 3 Schematic picture showing the principle of the box identity. The array ‘box-id’ 
contains three elements; the x, y ,  and z-index. For simplicity, we show only the plane z = 0. The 
array holds information about in what direction the periodic boundary conditions are applied 
and thus information about the location in the periodic domain. 

the particle was found previously. This will shift the origin with respect to 
the latest aggregating position in the periodic domain. We have to remember 
that inside the recursive part of the algorithm there is no way of reaching 
particles in another cluster because they are all closed sets. To calculate the 
box identity for e.g., the x-coordinate, ‘box-id(l)’, one can use 

if (distance > 0.5 * box-side) then 
if (x(unit) > 0.0) then 

box-id( 1) = box-id( 1) + 1 

box-id( 1) = box-id( 1) - 1 
else 

endif 
endif 

where ‘distance’ is the separation between particle ‘unit’ and particle ‘j ’ and 
‘x(unit)’ is the x-coordinate of the particle ‘unit’. The outer condition deter- 
mines if the periodic boundary conditions are applied due to the minimal 
image approach [3,4,9]. Because this part is situated inside the distance 
criterion for connection, there is a connection over the periodic boundary. 
The inner condition then checks in what direction the periodic boundary 
conditions are applied. With the origin in the centre of the box, the sign of 
‘x(unit)’ shows in what part of the box the particle is found, and thus gives 
the direction in which the periodic boundary conditions are applied. To 
improve the speed, one can instead use the construct: 

box-id( 1) = box-id( 1) + int(abs(de1ta-x)) * sign( 1 .O, x(unit)) 

where ‘delta-x’ is the distance without the periodic boundary condition. 
This box identity shift together with the percolation condition is the heart of 
the algorithm. 
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To increase the efficiency of the percolation analysis one can introduce 
two further modifications. First one knows that for an infinite cluster, a 
particle must connect to a periodic image, i.e., a percolating cluster must 
cross at least one boundary. We can thus introduce a region close to the 
boundary represented by a variable ‘box-border’ and only perform the per- 
colation analysis starting from particles in that region. Secondly, one can 
abort the analysis if the percolation condition has been fulfilled, which 
speeds up the code especially for the more dense systems. One should observe 
though, that these last two modifications can not be applied in a combined 
cluster and percolation analysis where we want information on all clusters. 
A Fortran 90 version of the percolation algorithm is given in Appendix A. 

3.2. Closed Path Algorithm 

An alternative way to determine if a cluster is part of a percolating struc- 
ture, is to use a graph theoretical approach. In a system without periodic 
boundary conditions, the problem is straightforward as we have already 
noted and can for example be solved by finding the minimal spanning tree 
and determine if it is of the same size as the system [24]. Using periodic 
boundary conditions on the other hand, makes the task more intricate. The 
problem is reminiscent of the travelling salesman problem but somewhat 
more complicated. For the salesman the problem is to find the shortest path 
that connects all the cities (particles). A path that connects all cities only 
once is called a Hamilton path and a closed path that visits every city only 
once and returns to the starting city is called a Hamilton circuit [25]. The 
notion of a closed path (introduced earlier) is a Hamilton circuit for a cer- 
tain subset of the particles. For an infinite spanning cluster in the periodic 
domain, the problem is thus to find any set of particles that can form a 
Hamilton circuit which returns to its periodic image. This means that we 
have a set of Hamilton circuits for different sets of particles that are all 
candidates for satisfying a percolation condition. Much work in graph 
theory has been directed to solve the problem of finding a path that con- 
nects all vertices once and returns to the starting point. Both the travelling 
salesman problem and the Hamiltonian path problem are NP-complete 
which means that no algorithm has been devised that is faster than guessing 
the solution and then checking, in polynomial time, that the solution works 
[26].  One has to remember, though, that the percolation problem amounts 
to a clever path/city marking algorithm that classifies all cities but not 
necessarily all paths. Recording all paths will not be possible for a system 
of’any interesting size. Below we briefly describe how to find a subset of 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
0
1
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



CLUSTER AND PERCOLATION ANALYSIS 179 

all closed paths which can be done either recursively or by an iterative 
method. This is done by realizing that a closed path leading to percolation 
must cross at least one border. (Note that this approach is not compatible 
with the full cluster analysis). 

An algorithm using the ideas above can be implemented as follows: 
Create a list consisting of the border particles connected through the cell and 
a similar list with the border particles connected over the border. Combine 
the two lists of pairs. If a pair occurs in both lists a new particle is introduced 
as the mirror particle to one of the particles in the pair. One of the prob- 
lems when using periodic boundary conditions is to distinguish between the 
different paths connecting the same particles. This can arise when we have a 
path over the cell border and another inside the cell. One way of handling 
this is to introduce pseudo particles representing the periodic connections. 
Instead of two different paths from e.g., A to B, we can introduce a pseudo 
particle C and obtain the three vectorial lengths A-B, B-C, and C-A, where 
the last one is zero on behalf of A and C being the same particle. This makes 
it possible to add the vectorial lengths A-B and B-C and see if it matches or 
exceeds the cell size. Using these extra pseudo particles, we can calculate the 
vectorial lengths for complicated paths, for instance criss-crossing over a cell 
border, and still get the real distance in a periodic domain. Note, though, 
that the pseudo particles are only introduced to distinguish between the 
different possible paths, and only contribute to the vector sum in the same 
way as the original particles. In order to remove loose ends, one also has 
to remove all pairs that have a particle that only occurs once in the list. 
Checking the lists of particle pairs, and looking for a particle which has 
already been checked, there is a path starting and ending with this particle, 
i.e., a closed path passing a border, and we have a candidate for an infinite 
cluster. One then has to compute the vectorial lengths of the closed path 
including mirror particles and if the path exceeds the simulation cell length 
in the x, y or z direction, the cluster is infinite, i.e., we have percolation. 

In the Hamilton path problem the number of possible closed paths grows 
very fast with the number of cities (of the order of N )  and it soon becomes 
very costly to compute all of them. The same holds for a dense system of 
cluster forming particles even though we do not have to investigate all 
possible paths. A dense system is, however, more likely to percolate than a 
non-dense, so this algorithm is in most cases not as fast as the one described 
in the previous section. It should be most useful for investigating the 
gelation properties of polymers where percolation can occur at low volume 
fractions. Note that it is not the number of particles per se but the number 
of branches in the cluster that determines the speed of this algorithm. 
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If the particles are aligned, each connected only to the previous and the 
following particle, there will only be one path and this will be found quickly. 
The implementation of this algorithm is quite memory demanding due to 
the large number of possible closed paths leading to percolation in systems 
with high density. However, it should be of interest for those who are deal- 
ing with a relatively small system preferring a graph theoretical approach 
for their analysis although the resulting code is not as transparent as the 
implementation of the previous algorithm. 

4. RESULTS AND DISCUSSION 

To test the cluster identification and percolation routines discussed in the 
previous sections, we have performed Monte Carlo simulations of colloidal 
dispersions using a square well potential [3] and analysed the resulting struc- 
tures. The radius of the particles is 0.25 pm, the width of the potential well is 
equal to 0.60 pm ( i e . ,  0.10 pm outside the touching distance) and the depth 
is -2.0 kT, where k is Boltzmann’s constant and T is the temperature equal 
to 293 K. Each particle is moved 5000 times and the particle configuration is 
analysed after every 50 steps. For each set of parameter values this will give 
100 sets of coordinates to analyse. The algorithms have been tested on a 
DEC Alpha AU500 using OSF4.0 with Digital Fortran 90 V4.1-270 and on 
an IBM RS/6000 3CT using AIX 4.1 with XL Fortran Version 3.2. Since 
we are comparing algorithms which use dynamic memory allocation with 
others using static memory allocation, it is important to test the algorithms 
on different computers with different compilers. Since the IBM is somewhat 
older compared to the DEC, we will mainly show results for the DEC and 
use the values for the IBM as comparison when explicitly stated. 

We have compared the recursive method for cluster identification describ- 
ed in Section 2 with three different iterative routines for off-lattice cluster 
analysis [7-91. For a system with N = 1000, the average cluster size changes 
from 2.1 to 994.0 in the concentration interval 0.2% to 25.0% and the num- 
ber of clusters changes from 28 to 1. The recursive algorithm is slower for 
low volume fractions but becomes comparable to or faster compared to the 
iterative routines when the volume fraction is above 15% (see Figs. 4a, b). We 
also looked at the CPU-time as a function of system size for different volume 
fractions and it followed quite closely an N2-dependence for all volume frac- 
tions studied (0.2%0-30.0%), although the preexponential factor changes 
with volume fraction which is seen in the relative speed. Since the cluster 
search algorithms would be of interest mainly for systems with relatively high 
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CPU-time on a DEC Alpha for cluster analysis with a system size of 1000 
particles at different volume fractions using (i) Recursion as described in Section 2; the algo- 
rithms in (ii) Reference 7, (iii) Reference 8, and (iv) Reference 9. 
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FIGURE 4b Same as in (4a) but for an IBM RS/6000. 
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volume fractions, recursion would still be a good choice, especially due to the 
transparency of the code. For lattice systems, however, HK should still be 
the best choice due to the low memory use and the N log(N ) dependence on 
lattice size. Very recently, an interesting modification of the HK-algorithm 
has been described by Stoll which also works for continuous systems [27]. 

Using the same set of coordinates, we have also looked for percolation, 
comparing the algorithm by Heyes et al. [lo] with the algorithm using re- 
cursion described in Section 3.1 and in Appendix A. In Figure 5 one can see 
that using non-optimized recursion is equal to or faster than the iterative 
method for a broad range of concentrations. The effect of optimizing the 
algorithm in Section 3.1 is shown in Figures 6a, b, where the original code has 
been modified by (i) starting the analysis from the particles at the border of 
the simulation box and (ii) end the search for percolating clusters as soon 
as the first one is found since in this case we are not interested in the total 
cluster statistics. At low volume fractions, the second criterion does not give 
any extra speed-up since one is below the percolation threshold which is at 
about 9%. When going to high volume fractions, though, terminating the 
analysis after having found a percolating cluster gives a substantial speed-up. 
By starting from the “border-particles’’ on the other hand, the CPU-time 
decreases considerably at low volume fractions. This does not, however, 
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FIGURE 5 
algorithm in Reference 10 and (ii) the non-optimized recursive algorithm. 

Comparing the DEC CPU time for percolation analysis with N = 1000 for (i) the 
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FIGURE 6a The DEC CPU time for percolation analysis with N = 1000 for (i) the algorithm 
in Reference 10 and (ii) the optimized recursive algorithm (iii) the recursive depth (number of 
calls) for the recursive algorithm. 
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FIGURE 6b As in Figure (6a) but for an IBM RS/6000. 

result in any significant decrease in CPU-time at high concentrations since 
most of the particles lying at the periphery of the simulation cell are now 
part of one (or mme) percolating clusters and one has to go through es- 
sentially all particles even when starting with this smaller set. In this paper we 
have restricted ourselves to comparing only with the original algorithm of 
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Reference 10, implicitly assuming that modifications mentioned in this arti- 
cle also can be applied to other algorithms. Utilizing Condition (ii) above 
in the algorithm in Reference 10, however, results in a routine that is still 
seven times slower at high volume fraction compared to recursion. 

When implementing either an iterative or recursive algorithm, it is im- 
portant to realize how the compiler takes care of the stacks. The recursive 
routine performance is of course dependent on the recursive depth, mainly 
because the overhead needed for the stack at each level (c f .  the recursive 
depth in Figs. 6a, b). To further increase the efficiency of recursive algo- 
rithms one can adopt certain depth limiting techniques but this is left out- 
side of the scope of this paper. The computational time for the iterative 
approach on the other hand, depends on the size of the allocated arrays 
while the recursive method is largely independent on how the size of the 
arrays is defined. In Figures 7a, b the CPU-time for percolation analysis 
is shown when the size of the arrays in use exactly matches the number of 
particles (curves (i) and (iii)) and when all arrays are set to a system size 
corresponding to the maximum number of particles (curves (ii) and (iv)). 
It is clearly seen that the CPU-time for the iterative approach depends 
strongly on the exact allocation size of the arrays. This is true both for the 
implementation on the DEC and the IBM computer. The dependence is not 
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FIGURE 7a The time dependence for percolation analysis as a function of system size at 1 % 
volume fraction. The different curves have been calculated using (i) iteration (Ref. 10) adjusting 
the array sizes to the actual system size, (ii) iteration with all arrays defined for a system size 
N = 10000, (iii) as in (i) but using recursion, and (iv) as in (ii) but using recursion. 
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FIGURE 7b As in Figure (7a) for an IBM RS/6000. 

strictly li ar on a log-log scale, the time increasing even faster with 
increasing number of particles. One can also see that the curves correspond- 
ing to iteration merges when the allocation size approaches the exact system 
size, as they must. For N = 1000, iteration becomes four times slow- 
er when allocating arrays corresponding to 10000 particles compared to 
using the actual system size. In the corresponding analysis using recursion 
the increase is only 4%. For a 200 particle system, the increase is 1400% for 
the iterative approach while using recursion the increase is only 8%. Thus 
not only is recursion considerably faster when analysing percolation, but it 
is also a more robusf approach since one can allocate the size of all ar- 
rays to the maximum to be used in a series of analyses, with only a very 
marginal effect on the CPU-time. Except for Figures 7a,b, all results 
presented using the algorithm by Heyes et al. [lo], have been evaluated using 
the exact number of particles when defining the size of the arrays. 

Finally we have also combined our cluster identification algorithm with 
the percolation algorithm into a single routine. The result of using this com- 
bined approach is shown in Figure 8. In this combined routine we can, of 
course, not use modification (i) and (ii) above because they affect the full 
cluster statistics. One can see, however, that even if we perform both the 
cluster and percolation analysis using recursion, it is still faster than or equal 
to the time for an iterative approach, even though the latter is only looking 
for percolating structures. 
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FIGURE 8 
combined cluster and percolation analysis using recursion for a system size N = 1000. 

The CPU time for (i) percolation analysis as described in Reference 10 and (ii) the 

5. CONCLUSIONS 

We have presented an algorithm which recursively samples cluster statistics 
and determines the existence of percolating structures. The algorithm uses 
information about the boundaries that are crossed by checking in what 
direction the boundary conditions are applied. This information is then used 
to determine a percolation condition. If one is only interested in determin- 
ing cluster formation and cluster size distributions, there are iterative meth- 
ods that are faster at low volume fractions or running at about the same 
speed at higher concentrations. The cluster identification problem is, how- 
ever, inherently recursive so that the present algorithm is more transparent 
than the iterative routines, and thus easier to maintain. The main advantage 
of using recursion, however, is seen when extending the cluster search rou- 
tine into an algorithm for identifying percolating structures in an off-lattice 
system. In this case, using recursion together with the boundary informa- 
tion and the algorithmic definition of percolation will result in a CPU-time 
being several times smaller compared to an alternative iterative method 
for most concentrations. Recursion also results in a faster routine when 
combining the cluster identification and percolation algorithms. Finally we 
have also looked at the effect of array size allocation when implementing 
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the algorithms, which strongly influences the CPU time for the iterative 
algorithm examined in this paper, but has a negligible effect when using 
recursion. 
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APPENDIX A 

Below is a pseudo code describing a recursive percolation analysis algorithm. 
The code is divided into two sections, the first is the main construct and the 
second is the recursive part which is called both by the main construct and 
the recursive part itself. 

box-border = box-side-0.5 * clust-dist 
do i = 1, tot-num-units 

! Check that the particle is not already included in a cluster. 
! The global logical array aggregating (i) has been set to true in 
! the recursive subroutine if the particle 'i' is included in a cluster. 

if (.not. aggregating(i)) then 

! Loop only over the particles that are close to the border. 
! This border control and the exit and return statements below are only present 
! to speed up the code and are not applicable if one wants the 
! cluster statistics. 

if (abs(x(i)) > box-border .or. & 
abs(y(i)) > box-border .or. & 
abs(z(i)) > box-border) then 
box-id(:) = 0 
percolation = .False. 
CALL cluster-rek (tot-num-units, i, clust-dist-sq, percolation) 
if (percolation) then 

exit 
endif 

endif 
endif 

end do 
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This part describes the recursive part which follows all connections in a 
cluster. 

Recursive Subroutine cluster-rek(tot-num-units, unit, clust-dist-sq, perco- 
lation) 
do j = 1, tot-num-units 

if (percolation) return 
if ( j  = = unit) cycle 

! Calculate the distance between ‘unit’ and ‘j’ 
! Save the absolute values of the distances without the periodic 
! boundary condition as ‘delta-x’, ‘delta- y’, ‘delta-z’ 
! Apply the periodic boundary condition 
! Calculate the square distance, ‘dist-sq’, between ‘unit’ and ‘j’ 

if (dist-sq < clust-dist-sq) then 

! r f  ‘unit ’ is already aggreguted, switch to that box 

if (aggregating(unit)) then 
box-id( 1) = agg -box-id( 1, unit) 
box-id(2) = agg-box-id(2, unit) 
box-id(3) = agg-box-id(3, unit) 

endif 

! Shift the box identity $ a  border is crossed. 

box-id( 1) = box-id( 1) + int(abs(de1ta-x)) * sign( 1 .O, x(unit)) 
box-id(2) = box-id(2) + int(abs(de1ta- y ) )  * sign(1 .O, y(unit)) 
box-id(3) = box-id(3) + int(abs(de1ta-z)) * sign( 1 .O, z(unit)) 

if (aggregating(j)) then 

! If a particle is already aggregated, check if it is the “same” ‘j’ or if it 
! is a ‘j’ in another box. That is, if a particle is connected to its image in 
! a periodic cell 

test = (box-id(l)/ = agg-box-id(1,j) .or. & 
box_id(2)/ = agg-box-id(2,j) .or. & 
box_id(3)/ = agg-box-id(3,j)) 

if (test) then 
percolation = .true. 
Return 

endif 
else 
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! Else, f a  particle is not aggregated 

agg-box-id(:,j) = box-id(:) 
aggregating(j) = .true. 

! Now follow the connections within the present cluster recursively, 
! i.e., let particle ‘j’ be the ‘unit’ to be investigated 

CALL cluster-rek(tot-num-units, j ,  clust-dist-sq, percolation) 
endif 

endif 
End Do 
END Subroutine cluster-rek 
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